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The aim of this paper is to extend the concept of cubic sets to the neutrosophic sets. The notions 
of truth-internal (indeterminacy-internal, falsity-internal) neutrosophic cubic sets and truth- 
external (indeterminacy-external, falsity-external) neutrosophic cubic sets are introduced, and 
related properties are investigated. 
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1. Introduction 


Fuzzy sets, which were introduced by Zadeh,? deal with possibilistic uncertainty, 
connected with imprecision of states, perceptions and preferences. Based on the 
(interval-valued) fuzzy sets, Jun et al.' introduced the notion of (internal, external) 
cubic sets, and investigated several properties. Jun et al. applied the notion of cubic 
sets to BCK/BClLalgebras. They introduced the notions of cubic subalgebras/ideals, 
cubic o-subalgebras and closed cubic ideals in BCK/BCLalgebras, and then they 
investigated several properties.” ? The concept of neutrosophic set (NS) developed by 
Smarandache^ is a more general platform which extends the concepts of the classic 
set and fuzzy set, intuitionistic fuzzy set and interval valued intuitionistic fuzzy set. 
Neutrosophic set theory is applied to various part (refer to the site http://fs.gallup. 
unm.edu/neutrosophy.htm). 

In this paper, we extend the concept of cubic sets to the neutrosophic sets. We 
introduce the notions of truth-internal (indeterminacy-internal, falsity-internal) 
neutrosophic cubic sets and truth-external (indeterminacy-external, falsity-external) 
neutrosophic cubic sets, and investigate related properties. We show that the P-union 
and the P-intersection of truth-internal (indeterminacy-internal, falsity-internal) 
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neutrosophic cubic sets are also truth-internal (indeterminacy-internal, falsity-in- 
ternal) neutrosophic cubic sets sets. We provide examples to show that the P-union 
and the P-intersection of truth-external (indeterminacy-external, falsity-external) 
neutrosophic cubic sets may not be truth-external (indeterminacy-external, falsity- 
external) neutrosophic cubic sets, and the R-union and the R-intersection of truth- 
internal (indeterminacy-internal, falsity-internal) neutrosophic cubic sets may not be 
truth-internal (indeterminacy-internal, falsity-internal) neutrosophic cubic sets. We 
provide conditions for the R-union of two T-internal (resp. I-internal and F-internal) 
neutrosophic cubic sets to be a T-internal (resp. LHinternal and F-internal) neu- 
trosophic cubic set. 


2. Preliminaries 


A fuzzy set in a set X is defined to be a function A : X — [0, 1]. Denote by [0, 1] * the 

collection of all fuzzy sets in a set X. Define a relation < on [0, 1]* as follows: 
(VA, u € [0,1]5) (à € u & (Va € X)(A(z) € n(z))). 

The join (V) and meet (^) of À and p are defined by 


respectively, for all x € X. The complement of A, denoted by A°, is defined by 
(Va € X) (A*(x) = 1 — A(x)). 


For a family (A; € A} of fuzzy sets in X, we define the join (V) and meet (^) 
operations as follows: 


(v) = supa) € A} 


ic^ 
(A.A) @) = inti e AJ. 
ic^ 
respectively, for all z € X. 

By an interval number we mean a closed subinterval à = [a^ , a *] of [0, 1], where 
0 X a- € a* € 1. The interval number à = [a~,a*] with a^ = a* is denoted by a. 
Denote by [[0,1]] the set of all interval numbers. Let us define what is known as 
refined minimum (briefly, rmin) of two elements in [[0,1]]. We also define the symbols 
“>=”, “<”, “=” in case of two elements in [[0,1]]. Consider two interval numbers 
à :— [a1 a1] and à; := [a7 a5]. Then 


rmin[à4,àü5) = [min [a1 , a5 ), min {ay ,a9 }], 





a > à, if and only if aj > a3 and af >a}, 
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and similarly we may have d; < à; and à; = Gy. To say à, à; (resp. à; < à?) we 
mean ıı > d» and à, F à» (resp. à; < à» and à; Z Gy). Let à; € [[0, 1]] where i € A. 
We define 


rinf à; — in Qj , infa] and rsup @; = [supar sup ai] i 

ic^ ic^ ic A i€A ic A ic A 

For any à € [[0, 1]], its complement, denoted by à^, is defined be the interval number 
à = |1 —at,1 — a7]. 

Let X be a nonempty set. A function A : X — [[0, 1]] is called an interval-valued 
fuzzy set (briefly, an IVF set) in X. Let IVF(X) stand for the set of all IVF sets in X. 
For every A € IVF(X) and z € X, A(x) = [A7 (x), A*(x)] is called the degree of 
membership of an element x to A, where A^ : X — I and A* : X — I are fuzzy sets 
in X which are called a lower fuzzy set and an upper fuzzy set in X, respectively. For 
simplicity, we denote A = [A~, A*]. For every A, B € IVF(X), we define 


ACB e A(z) B(x) forallzc X, 
and 
A=B & A(z) - B(x) forallz c X. 
The complement A* of A € IVF(X) is defined as follows: A*(x) = A(x)* for all 
x € X, that is, 
A(x) = [1 — At (x), 1 — A~ (x)] forallz e X. 


For a family (A;|i € A} of IVF sets in X where A is an index set, the union G = 
Uie, A; and the intersection F = (),<, A; are defined as follows: 


G(x) = (U D (x) = rsup A,(z) 


ic^ ieA 


and 


F(z) = (n a) (2) = rint A (v) 
for all z € X, respectively. 
Let X be a non-empty set. A neutrosophic set (NS) in X (see Ref. 6) is a structure 
of the form: 


A := {(a; Ar(2), Xr (n), Ar(@))|@ € X}, 


where Ar : X — [0,1] is a truth membership function, A; : X — [0,1] is an indeter- 
minate membership function, and Ap : X — [0,1] is a false membership function. 

Let X be a non-empty set. An interval neutrosophic set (INS) in X (see Ref. 8) isa 
structure of the form: 


A := (G5 Ar(x), Ar(x), Ap(x))|x € X}, 
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where Ar, A; and Ar are interval-valued fuzzy sets in X, which are called an interval 
truth membership function, an interval indeterminacy membership function and an 
interval falsity membership function, respectively. 


3. Neutrosophic Cubic Sets 


Jun et al.’ have defined the cubic set as follows: 
Let X be a non-empty set. À cubic set in X is a structure of the form: 


C= ((z, A(x), A(2))|a € X}, 


where A is an interval-valued fuzzy set in X and A is a fuzzy set in X. 
We consider the notion of neutrosophic set sets as an extension of cubic sets. 


Definition 3.1. Let X be a non-empty set. A neutrosophic cubic set (NCS) in X isa 
pair £ = (A,A) where A:— ((zi Apr(z), Ay(x), Ap(z)))|y € X) is an interval 
neutrosophic set in X and A := {(x; p(x), Aj(z), Ap(x))|y € X) is a neutrosophic 
set in X. 


Example 3.2. For X = {a,b,c}, the pair æ = (A, A) with the tabular representa- 
tion in Table 1 is a neutrosophic set in X. 


Example 3.3. For a non-empty set X and any INS 
A := {(x;Ar(x), Ar(z), Ap(x))|x € X) 


in X, we know that € =(C,®),:=(A,A,) and @ = (C, ®)o :=(A,Ag) are 
neutrosophic cubic sets in X where A, := ((z; 1,1, 1)|z € X) and Ag := {(x; 0,0, 0)| 


xe X) in X. If we take Ajy(z)— fuum. Aji(z) = an and 
Ap(x) = aces A then æ = (A, A) is a neutrosophic cubic set in X 
Definition 3.4. Let X be a non-empty set. A neutrosophic cubic set & = (A, A) in 
X is said to be 
e truth-internal (briefly, T-internal) if the following inequality is valid 

(Vz € X)(Ar(z) € Ar(z) € A7(z)), (3.1) 
e indeterminacy-internal (briefly, I-internal) if the following inequality is valid 


(Va € X)(Ar (x) € Xx) € Ar (2), (3.2) 





Table 1. Tabular representation of </ = (A, A). 
X A(x) A(x) 


a ({0.2, 0.3], [0.3, 0.5], [0.3, 0.5]) (0.1, 0.2, 0.3) 
b — ((0.4,0.7], (0.1, 0.4], (0.2, 0.4]) (0.3, 0.2, 0.7) 
c — ({0.6, 0.9], [0.0, 0.2], (0.3, 0.4]) — (0.5, 0.2, 0.3) 
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Table 2. Tabular representation of </ = (A, A). 
X A(z) A(x) 


a ({0.2, 0.3], [0.3, 0.5], [0.3,0.5]) (0.25, 0.35, 0.40) 
b — ({0.4, 0.7], [0.1, 0.4], [0.2,0.4]) (0.50, 0.30, 0.30) 
c  ({0.6, 0.9], 0.0, 0.2], {0.3,0.4]) (0.70, 0.10, 0.35) 


e falsity-internal (briefly, F-internal) if the following inequality is valid 
(Va € X)(Ar(z) € p(x) < As(a)). (3.3) 


If a neutrosophic cubic set æ = (A, A) in X satisfies (3.1), (3.2) and (3.3), we say 
that < = (A, A) is an internal neutrosophic cubic set in X. 


Example 3.5. For X = {a,b,c}, the pair & = (A, A) with the tabular representa- 
tion in Table 2 is an internal neutrosophic cubic set in X. 


Definition 3.6. Let X be a non-empty set. A neutrosophic cubic set «7 = (A, A) in 
X is said to be 


e truth-external (briefly, T-external) if the following inequality is valid 





(Va € X)(Ar(@) € (Av(z), Ar(2))), (3.4) 
e indeterminacy-external (briefly, I-external) if the following inequality is valid 

(Va € X)(Ar(x) € (Ar (z), Ar (2))), (3.5) 
e falsity-external (briefly, F-external) if the following inequality is valid 

(Va € X)(Ap(x) € (Ar(z), Az(2))). (3.6) 


If a neutrosophic cubic set & = (A, A) in X satisfies (3.4)-(3.6), we say that 
cf = (A, X) is an external neutrosophic cubic in X. 


Proposition 3.7. Let% = (A, A) be a neutrosophic cubic set in a non-empty set X 
which is not external. Then there exists x € X such that My(x) € (A(x), Ag (x)), 
Ar(a) € (Ar (z), Ar (z)), or Ap(z) € (A p(x), Ag (z)). 


Proof. Straightforward. oO 


Proposition 3.8. Let% = (A, A) be a neutrosophic cubic set in a non-empty set X. 
If & = (A, A) is both T-internal and T-external, then 


(Va € X)(Ap(x) € (Av (z)|y € XYU(Az(x)|z € X}. (3.7) 
Proof. Two conditions (3.1) and (3.4) imply that Az(z) < A(x) € A} (x) and Ap 


(r)£g(Ar(z)Aj$(x) for all ze X. It follows that Agp(zr)-— Ag(x) or 
Ap(x) = A(x), and so that Ar(z) € (Az(z))|y € XU {4} (x)|x € X). oO 


Similarly, we have the following propositions. 
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Proposition 3.9. Let% = (A, A) be a neutrosophic cubic set in a non-empty set X. 
If £ = (A, X) is both I-internal and I-external, then 


(vz € X)(Ar(z) € (Ar (x)| € XYU {A} (z)|e € X}). (3.8) 


Proposition 3.10. Let % = (A, A) be a neutrosophic cubic set in a non-empty set 
X. If A =(A,A) is both F-internal and F-external, then 


(Vz € X)(Ap(x) € (Ag(z))y € X} U {A} (x)| € X}). (3.9) 
Definition 3.11. Let % = (A, A) and Z = (B, V) be neutrosophic sets in a non- 
empty set X where 
T; Ar (x), A,(z), Ap(2)) |x € X}, 
Ar(z), A(z), Ap(x))|x € X 

Br(z), By(x), Br(x))|@ € X}, 
V := { (z; Yr(@), r(2), br(x))|@ € XJ. 
Then we define the equality, P-order and R-order as follows: 
(a) (Equality) «4 = Z & A = Band A = V. 


(b) (P-order) z/ Cp Z & A C B and A x v. 
(b) (R-order) S Cg 4 & A C B and A 7 V. 


We now define the P-union, P-intersection, R-union and R-intersection of neu- 
trosophic cubic sets as follows: 


Definition 3.12. For any neutrosophic cubic sets .#; = (Aj, A;) in a non-empty set 
X where 

A; := { (x£; Ajr(2), Air(x), Aip(z))|y € X}, 

A; = { (2; Air (£), A(x), Aip (£) le € X} 


for i € J and J is any index set, we define 


(P-union) 
ied 


(a) Up. ; = (s, An V, A; ), 


= (n Ais A^ jJ (P-intersection) 
(lew icJ 
-(u Ai, AA jJ (R-union) 
Ug ve 
=(0 Aj, Ne A; ) (R-intersection) 
(ew ied 
where 


Us - (e (Uns) (Uns) (Uae)o) 





zex) 
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Arv) lao (oe )en 


The complement of </ = (A, A) is defined to be the neutrosophic cubic set ° = 
(A*,A*) where A*:— { (x; Ap(x), A(x), Ap(x))|z € X} is an interval neutroso- 


, 


phic cubic in X and A* := ((z; Ap(z), AF (az), Ap(z))|v € X) is a neutrosophic set in X. 


Obviously, (°) = d, (usan) -[l»4, (Qe) —Up fi, (users) = 





icJ ie] ieJ icJ ie] 
Cn of, and (Mra) usar 
icJ ied ted 
The following proposition is clear. 
Proposition 3.13. For any neutrosophic cubic sets e£ = (A, X), Z = (B, V), € = 
(C, 9$), and 2 = (D,Q) in a non-empty set X, we have 


1) if. Cp4 and £2 Cp then A CpG. 

2) if. Cp4 then ££* Cp.cf*. 

3) if. Cp 44 and «Y Cp € then H Cp Bp. 
4) if SJ Cp 4f and € Cp ££ then «e£ Up € Cp Z. 


Cc 


if ef Cp 44 and € CpG then Up Cp ZZ Up Z and A Tp € Cp (p Z 
if A Cr Band B Cg € then DH Cg €. 

if A Cp Z then B Cg f°. 

if A Cr Band A Cg € then X Cg BARC. 

if A Cr Z and € Cr B then e£ Ug € Cpr Z. 

if ef Cg 44 and € Cg 9 then «f Ug € Cn Z2 Ug 9 and «f (ig € Cg Z ng 2. 


oOo oN 


MA ————————— 
Me AME ue D COP Mos Npm Ne en eet 


— 


Theorem 3.14. Let # = (A, A) be a neutrosophic cubic set in a non-empty set X. If 
4f = (A, X) is I-internal (resp. I-external), then the complement &/° = (A^, A*) of 
4f = (A, X) is an I-internal (resp. I-external) neutrosophic cubic set in X. 


Proof. If & = (A, A) is an Linternal (resp. I-external) neutrosophic cubic set in a 
non-empty set X, then Ar (x) € A;(x) € Aj (x) (resp., Ar(z) € (Ar (x), AZ (2))) for 
all z € X. It follows that 1 — Af(x) € 1— Aj(z) < 1— Ar(z) (resp., 1 — Aj(z) € 
(1— Af (z),1— Ar (x))). Therefore, 2° = (A^, A^) is an Linternal (resp. external) 
neutrosophic cubic set in X. oO 


Similarly, we have the following theorems. 


Theorem 3.15. Let% = (A, A) be a neutrosophic cubic set in a non-empty set X. If 
4f = (A, A) is T-internal (resp. T-external), then the complement £: = (A*, A^) of 
4f = (A, A) is a T-internal (resp. T-external) neutrosophic cubic set in X. 
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Theorem 3.16. Let% = (A, A) be a neutrosophic cubic set in a non-empty set X. If 
4f = (A, X) is F-internal (resp. F-external), then the complement e7* = (A*, A°) of 
4f = (A, X) is an F-internal (resp. F-external) neutrosophic cubic set in X. 


Corollary 3.17. Let & = (A, A) be a neutrosophic cubic set in a non-empty set X. 
If & = (A, X) is internal (resp. external), then the complement «/7* = (A*, A°) of 
4f — (A, X) is an internal (resp. external) neutrosophic cubic set in X. 

Theorem 3.18. If (4; = (Aj, Aj) € J} is a family of F-internal neutrosophic 
cubic sets in a non-empty set X, then the P-union and the P-intersection of {@; = 
(Aj, A;)li € J} are F-internal neutrosophic cubic sets in X. 


Proof. Since z/; = (Aj, A;) is an F-internal neutrosophic cubic set in a non-empty 
set X, we have Ajp(x) € Ajp(x) € Ajp(x) for i € J. It follows that 


(U av) ys (VAr)@ < (U ^j) o 


icJ ied icJ 


(n av) (s (^ As) (2) < (n ^) "s 


icJ 


and 


ied ieJ 


Therefore, Up #; = | U Aj, V ^) and (p; = (n Aj, A ^) are F-internal 
icJ ieJ ^" ieJ ieJ 
neutrosophic cubic sets in X. oO 


Similarly, we have the following theorems. 


Theorem 3.19. If (44; = (Aj, Aj)|i € J} is a family of T-internal neutrosophic 
cubic sets in a non-empty set X, then the P-union and the P-intersection of (s; = 
(Aj, Aj) € J} are T-internal neutrosophic cubic sets in X. 


Theorem 3.20. If («/; = (Ai, Aj)]i € J} is a family of I-internal neutrosophic cubic 
sets in a non-empty set X, then the P-union and the P-intersection of (sf; = 
(Aj, A;)li € J} are I-internal neutrosophic cubic sets in X. 

Corollary 3.21. If («/; = (Aj, ^;)|i € J} is a family of internal neutrosophic cubic 
sets in a non-empty set X, then the P-union and the P-intersection of (sf, = 
(Aj, A;)|¢ € J} are internal neutrosophic cubic sets in X. 


The following example shows that P-union and P-intersection of F-external (resp. 
Lexternal and T-external) neutrosophic cubic sets may not be F-external (resp. I- 
external and T-external) neutrosophic cubic sets. 


Example 3.22. Let % = (A, A), and Z = (B, V) be neutrosophic cubic sets in [0, 1] 
where 

A = { (z; [0.2,0.5], [0.5, 0.7], [0.3, 0.5]) | z € [0, 1]}, 

A = ((2;0.3,0.4,0.8)|z € [0, 1]}, 
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B = { (x; [0.6, 0.8], [0.4, 0.7], [0.7, 0.9]) | z € [0, 1]}, 
V = { (x; 0.7, 0.3, 0.4)|a € [0, 1]. 
Then & = (A, A), and Z = (B, V) are F-external neutrosophic cubic sets in [0, 1], 
and e/Up B= (AUB,AV V) with 
A UB = ((z; [0.6, 0.8], [0.5, 0.7], (0.7, 0.9] |x € [0, 1]}, 
A V V = ((2;0.7,0.4,0.8)|x € [0, 1]} 
is not an F-external neutrosophic cubic set in [0, 1] since 
(Ar V br)(x) = 0.8 € (0.7,0.9) = ((Ap U Br) (x), (Ar U Bp)” (z)). 
Also % Np Z = (AN B, A^ V) with 
ANB = ((z; [0.2, 0.5], [0.4, 0.7], (0.3, 0.5] |x € [0, 1]}, 
AAW = {(x; 0.3, 0.3, 0.4)|x € [0, 1]) 
is not an F-external neutrosophic cubic set in [0, 1] since 
(Ar ^ br)(x) = 0.4 € (0.3, 0.5) = ((Apg N Br) (x), (Ar n Br)" (z)). 


Example 3.23. For X = {a,b,c}, let «7 = (A, A), and Z = (B, V) be neutrosophic 
cubic sets in X with the tabular representations in Tables 3 and 4, respectively. 

Then # = (A, A), and Z = (B, V) are both T-external and I-external neutrosophic 
cubic sets in X. Note that the tabular representation of / Up Z = (AUB,A V V) 
and c Np Z = (A N B, A^ V) are given by Tables 5 and 6, respectively. 


Table 3. Tabular representation of æ = (A, A). 


X A(x) A(x) 


Ie] 


([0.2, 0.3], [0.3, 0.5], [0.3, 0.5]) 
([0.4, 0.7], 0.1, 0.4], [0.2, 0.4]) 
([0.6, 0.9], [0.0, 0.2], [0.3, 0.4]) 


(0.35, 0.25, 0.40) 
(0.35, 0.50, 0.30) 
(0.50, 0.60, 0.55) 


a oœ 


Table 4. Tabular representation of Z = (B, V). 


X B(x) P(x) 
a (0.3, 0.7], [0.3, 0.5], [0.1, 0.5]) 
([0.5, 0.8], [0.5, 0.6], [0.2, 0.5]) 
([0.4, 0.9], [0.4, 0.7], [0.3, 0.5]) 


(0.25, 0.25, 0.60) 
(0.45, 0.30, 0.30) 
(0.35, 0.10, 0.45) 


e 





oO 


Table 5. Tabular representation of 4 Up Z = (AU B, A V V). 


X (A.U B)(z) (A V V) (a) 


GC > 


({0.3, 0.7], [0.3, 0.5], [0.3, 0.5]) 
({0.5, 0.8], [0.5, 0.6], [0.2, 0.5]) 
([0.6, 0.9], [0.4, 0.7], [0.3, 0.5]) 


(0.35, 0.25, 0.60) 
(0.45, 0.50, 0.30) 
(0.50, 0.60, 0.55) 
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Table 6. Tabular representation of /Np Z = (AN B, A^ V). 


X (A. B)(z) (A ^ V)(z) 

a ([0.2, 0.3], [0.3, 0.5], [0.1, 0.5]) (0.25, 0.25, 0.40) 
b ([0.4, 0.7], (0.1, 0.4], [0.2, 0.4]) (0.35, 0.30, 0.30) 
c ({0.4, 0.9], [0.0, 0.2], [0.3, 0.4]) (0.35, 0.10, 0.45) 


Then % Up Z = (AUB,A V V) is neither an Lexternal neutrosophic cubic set 
nor a T-external neutrosophic cubic set in X since 


(Ar V r)(e) = 0.60 € (0.4,0.7) = ((Ar U Br) (c), (Ar U Br) (o) 
and 
(Ar V wr) (a) = 0.35 € (0.3,0.7) = ((Ar U Bp)" (a), (Ar U Bp) * (a)). 
Also e£ Np Z = (A N B, A ^ V) is neither an I-external neutrosophic cubic set nor a 
T-external neutrosophic cubic set in X since 
(Ar ^ Wr) (b) = 0.30 € (0.1,0.4) = ((Ar N Br) (b), (Arn Br) * (b) 
and 
(Apr A br)(a) = 0.25 € (0.2,0.3) = ((Ap N Br) (a), (Apr N Bp) * (a)). 


We know that R-union and R-intersection of T-internal (resp. Linternal and 
F-internal) neutrosophic cubic sets may not be T-internal (resp. Linternal and 
F-internal) neutrosophic cubic sets as seen in the following examples. 


Example 3.24. Let % = (A, A) and Z = (B, V) be neutrosophic cubic sets in [0,1] 
where 


(x; [0.3, 0.5], [0.5, 0.7], [0.3,0.5])|x € [0, 1]}, 
(x; 0.4, 0.4, 0.8)|x € [0, 1]}, 
(x; (0.7, 0.9], [0.4, 0.7], [0.7, 0.9])|x € [0, 1]}, 


A= 
A= 
B= 
V = ((2;0.8,0.3,0.8)|x € [0, 1]}. 


{ 
{ 
{ 
{ 


Then & = (A, A) and Z = (B, V) are T-internal neutrosophic cubic sets in [0,1]. 
The R-union e Ug Z = (A U B, A ^ V) of # = (A, A) and Z = (B, V) is given as 
follows: 

A UB = ((z; [0.7, 0.9], [0.5, 0.7], (0.7, 0.9 |x € [0, 1]}, 

AAW = {(x;0.4, 0.3, 0.8)|a € [0, 1]}. 
Note that (Ar A^%r)(x)= 0.4 < 0.7= (ArU Br) (x) and (A; A wvj)(z) = 0.3 < 

=(ArU Br) (rz) Hence, Z% Ur Z = (AU B,AA Ù) is neither a T-internal 

neutrosophic cubic set nor an Linternal neutrosophic cubic set in [0,1]. But, we 


know that e 7 Up Z = (AUB,A A V) is an F-internal neutrosophic cubic set in [0, 1]. 
Also, the R-intersection «/ Ng Z = (A N B, A V V) of s = (A, A) and Z = (B, V) is 
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given as follows: 


ANB ={(a; (0.3, 0.5], [0.4, 0.7], [0.3,0.5])|z € [0, 1]}, 
AV V = ((2;0.8,0.4,0.8)|z € [0, 1]}. 


Since 
(Ar Bj) (zx) € (Ar V vi)(x) € (Arn Br) (2) 


for all z € [0, 1], Z Or Z = (A A B, A V V) is an Linternal neutrosophic cubic set in 
[0,1]. But it is neither a T-internal neutrosophic cubic set nor an F-internal 
neutrosophic cubic set in [0,1]. 


Example 3.25. Let % = (A, A) and Z = (B, V) be neutrosophic cubic sets in [0,1] 
where 

[0.1, 0.3], [0.5, 0.7], [0.3,0.5])|x € [0, 1]}, 
25 0.4,0.6,0.8)|x € [0, 1], 

(0.7, 0.9], [0.4, 0.5], [0.7, 0.9])|z € [0, 1]}, 


A= 
A= 
B= 
V = ((2;0.5,0.45,0.2)|x € [0, 1]}. 


Ua 
{( 
Ua 
{( 


Then æ = (A, A) and Z = (B, V) are Linternal neutrosophic cubic sets in [0, 1]. The 
R-union YURB=(AUB,AAW) of % (A, A) and Z=(B,VW) is given as 
follows: 

A UB = ((z;[0.7,0.9], [0.5, 0.7], (0.7, 0.9 |x € [0, 1]}, 

AAW = ((2;0.4,0.45,0.2)|x € [0, 1]}. 
Since (A; ^ w7)(x) = 0.45 < 0.5 = (A; U Bj) (x), we know that # Ug Z is not an I- 
internal neutrosophic cubic set in [0,1]. Also, the R-intersection Npr Z = 
(A. ^ B, A V V) of # = (A, A) and Z = (B, V) is given as follows: 

ANB = ((z; [0.1, 0.3], [0.4, 0.5], (0.3, 0.5) |x € [0, 1]}, 

A V V = ((250.5,0.6,0.8)|x € [0, 1]); 


and it is not an L-internal neutrosophic cubic set in [0,1]. 


Example 3.26. Let % = (A, A) and Z = (B, V) be neutrosophic cubic sets in [0,1] 
where 


A ={(zx; [0.1, 0.3], [0.5, 0.7], [0.3, 0.8] |z € [0, 1]}, 
A = ((2;0.4,0.6,0.4)|z € [0, 1]}, 
B = {(z; (0.4, 0.7], [0.4, 0.7], [0.5,0.8])|x € [0, 1]}, 
V = ((2;0.5,0.3,0.6)|x € [0, 1]}. 


Then æ = (A,A) and Z —(B,V) are F-internal neutrosophic cubic sets in 
[0,1]. The R-union #@Up Z = (AU B, AA V) of % = (A, A) and Z = (B, V) is 
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given as follows: 


A UB = ((z; [0.4, 0.7], [0.5, 0.7], (0.5, 0.8]) |x € [0, 1]}, 
AAW —1(2;0.4,0.3,0.4)|x € [0, 1]}, 


which is not an F-internal neutrosophic cubic set in [0,1]. If # = (A, A) and B= 
(B, V) are neutrosophic cubic sets in # with 


zx: [0.2,0.6], [0.3,0.7], [0.7,0.8]) je € Z}, 
25 0.7,0.6,0.75)|x € Z}, 

zx: [0.3,0.7], [0.6,0.7], [0.2, 0.6]) |e € Z}, 
x; 0.5, 0.3, 0.5)|x € Z}, 


SAA A 
Be WD UA Sone 


then # = (A, A) and 4 = (B, V) are F-internal neutrosophic cubic sets in Z and the 
R-intersection YNp¥4=(ANB,AVW) of # = (A, A) and Z = (B, V) which is 
given as follows: 


ANB = {(a; [0.2, 0.6], [0.3, 0.7], [0.2, 0.6] |z € Z}, 
AV W —((2;0.7,0.6,0.75)|x € Z}, 
is not an F-internal neutrosophic cubic set in [0, 1]. 


We provide conditions for the R-union of two T-internal (resp. I-internal and F- 
internal) neutrosophic cubic sets to be a T-internal (resp. I-internal and F-internal) 
neutrosophic cubic set. 


Theorem 3.27. Let «/ = (A, A) and B= (B, V) be T-internal neutrosophic cubic 
sets in a non-empty set X such that 


(Va € X)(max(Ar(z), Br(x)} < (Ar ^ vr)(a)). (3.10) 


Then the R-union of £ = (A, A) and Z = (B, V) is a T-internal neutrosophic cubic 
set in X. 


Proof. Let «/ = (A, A) and ¥ = (B, V) be T-internal neutrosophic cubic sets in a 
non-empty set X which satisfy the condition (3.10). Then 


Ar(z) < Ar(z) < A(z) and Bz(z) < vr(z) < Br(a), 
and so (Ar ^ Yr)(x) € (Ar U Br)” (x). It follows from (3.10) that 
(ArU Br) (z) = max(Ar(z), Br(z)) < (Ar ^ or)(z) € (Ar U Br) (z). 


Hence, & Up Z = (A U B, A ^ V) is a T-internal neutrosophic cubic set in X. oO 


Similarly, we have the following theorems. 
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Theorem 3.28. Let «/ = (A, A) and Z = (B, V) be I-internal neutrosophic cubic 
sets in a non-empty set X such that 


(Va € X)(max{A; (2), By (x) } < Ou ^ vi)(z)). (3.11) 


Then the R-union of £% = (A, X) and Z = (B, V) is an I-internal neutrosophic cubic 
set in X. 


Theorem 3.29. Let # = (A, A) and Z = (B, V) be F-internal neutrosophic cubic 
sets in a non-empty set X such that 


(Va € X)(max{A p(x), Be(z)] < (Ap ^ vp)(z)). (3.12) 


Then the R-union of @ = (A, A) and Z = (B, V) is an F-internal neutrosophic cubic 
set in X. 


Corollary 3.30. If two internal neutrosophic cubic sets % = (A, X) and Z = (B, V) 
satisfy conditions (3.10)-(3.12), then the R-union of # = (A, A) and Z = (B, V) is 
an internal neutrosophic cubic set in X. 


We provide conditions for the R-intersection of two T-internal (resp. I-internal 
and F-internal) neutrosophic cubic sets to be a T-internal (resp. Linternal and 
F-internal) neutrosophic cubic set. 


Theorem 3.31. Let «/ = (A, A) and Z = (B, V) be I-internal neutrosophic cubic 
sets in a non-empty set X such that 


(Va € X)((Ay V vj) (z) < min(A7 (x), B1 (z))). (3.13) 


Then the R-intersection of e£ = (A, A) and Z = (B, V) is an I-internal neutrosophic 
cubic set in X. 


Proof. Assume that the condition (3.13) is valid. Then 
Ar(z) < Aí(z) < AF (x) and Bj (x) < vi(z) < By (2) 
for all z € X. It follows from (3.13) that 
(Ar à Bj) (£) € (Ar V vy)(z) € min(A7 (z), B; (x)} = (Arn Br) +(x) 


for all x € X. Therefore, Ng Z = (AnB,AV V) is an Linternal neutrosophic 
cubic set in X. o 


Similarly, we have the following theorems. 


Theorem 3.32. Let # = (A, A) and £4 = (B, Y) be T-internal neutrosophic cubic 
sets in a non-empty set X such that 


(Va € X)((Ar V vr)(z) € mint A} (z), Br(z)]). (3.14) 


Then the R-intersection of % = (A, A) and Z = (B, V) is a T-internal neutrosophic 
cubic set in X. 
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Theorem 3.33. Let # = (A, A) and Z = (B, V) be F-internal neutrosophic cubic 
sets in a non-empty set X such that 


(Va € X)((Ar V Yr) (z) < mintAz(z), Bz(x)])-. (3.15) 


Then the R-intersection of e = (A, X) and Z = (B, V) is an F-internal neutrosophic 
cubic set in X. 


Corollary 3.34. If two internal neutrosophic cubic sets % = (A, A) and Z = (B, 
satisfy conditions (3.13)-(3.15), then the R-intersection of æ% = (A, A) and B= 
(B, V) is an internal neutrosophic cubic set in X. 
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